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Differential Geometry  Algebra



Invariant differential operators

homogeneous space G/P, P-representation V

V = G ×P V→ G/P

D : Γ∞(G/P,V)→ Γ∞(G/P,W)
D ◦ ρ̃V = ρ̃W ◦ D

D : Γ∞(G/P,J kV)→ Γ∞(G/P,W)

everything is equivariant  D is determined by germ at eP  
ϕ : JkV→W

Passing to dual maps and taking the limit k →∞ we get

Homp

(
W∗, U(g)⊗U(p)V∗

)
' Homg

(
U(g)⊗U(p)W∗, U(g)⊗U(p)V∗

)
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Verma modules

G complex, P parabolic, p = l⊕ p+, g = p− ⊕ l⊕ p+

λ ∈ h∗ which is l-dominant integral and hence defines finite-dimensional
L-module F(λ)

M(λ) = U(g)⊗U(p) F(λ)

Open problem:

Homg(M(µ),M(λ)) = ?

= 〈v ∈ M(λ) | ∀X ∈ p+ ∪ nl : X · v = 0〉
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One way to find elements in Homg(M(µ),M(λ))

M(λ) 'g Pol[p+]⊗ F(λ)

where the action of g on polynomials is given by differential operators with
polynomial coefficients.

homomorphisms of Verma modules are given by singular vectors  system
of PDEs on polynomials!
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Algebra  Combinatorics



BGG resolutions and Lie algebra (co)homology

λ ∈ h∗ g-integral, dominant  L(λ) finite-dimensional g-module

affine action of W :
w · λ = w(λ+ ρ)− ρ

BGG resolution
· · · →

⊕
w∈W l

l(w)=i

M(w · λ)→ · · ·
⊕

w∈W l

l(w)=1

M(w · λ)→ M(λ)→ Lλ

Kostant’s theorem on niplotent cohomology
H i (p+, Lλ) =

⊕
w∈W l

l(w)=i

Fw ·λ = Hi (p+, Lλ)
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Nilpotent cohomology / BGG resolution for SU(2, 2)

(1, −4, 1) (0, −4, 0)
(0, −3, 2)

(0, 0, 0) (1, −2, 1)
(2, −3, 0)
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The BGG graph of type (A7,A3 × A3)
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Sage

For big parabolics much more efficient to use that W l parametrizes
W -orbit of ρl.
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Enright’s formula

λ Sλ ⊆ Φ(p+)
 Wλ – subgroup of W which is generated by reflections sα for α ∈ Sλ

 (gλ, pλ), pλ = lλ ⊕ pλ+

Theorem (3.7 of [DES91])
For unitarizable highest weight modules L(λ) and for i ∈ N we have

H i (p+, L(λ)) '
⊕

w∈W c
λ

lλ(w)=i

F(w(λ+ ρ)− ρ)

where λ is the unique Φ+
l -dominant element in the Wl orbit of λ and

W c
λ = {w ∈Wλ |wρ is Φ+

lλ
-dominant}.
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Deodhar, Dyer

For a Coxeter system (W ,R) denote T to be the W -conjugates of R and
let

N(w) = {t ∈ T : l(tw) < l(w)}.

If W ′ is a reflection subgroup of W , then

R ′ = {t ∈ T : N(t) ∩W ′ = {t}}

is a set of Coxeter generators for W ′ and (W ′,R ′) is a Coxeter system.
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Combinatorics + Algebra  
Differential Geometry?



Combinatorics + Algebra  Differential Geometry?

INPUT: (g, p)
OUTPUT: formulas for invariant differential operators

λ Fλ

 g ↪→ An ⊗ Fλ

 SageManifolds
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Thank you for attention!
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